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Abstract
We establish a new Howe duality between a pair of quantum queer superalgebras (U
q−1(qn),
Uq(qm)). The key ingredient is the construction of a non-commutative analogue Aq(qn, qm)
of the symmetric superalgebra S(Cmn|mn) with the use of quantum coordinate queer su-
peralgebra. It turns out that this superalgebra is equipped with a U
q−1(qn) ⊗ Uq(qm)-
supermodule structure that admits a multiplicity-free decomposition. We also show that
the (U
q−1(qn),Uq(qm))-Howe duality implies the Sergeev-Olshanski duality.
MSC(2010): 17B37, 17D10, 20G42.
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1 Introduction
The Howe dualities for classical Lie algebras are originated in R. Howe’s remarkable work [8], which
leads to a nice proof of the fundamental theorems of classical invariant theory. A systematic and in-
depth study of Howe dualities for Lie superalgebras then followed in [3, 4]. Howe duality have been
one of the most inspiring themes in representation theory of Lie algebras, Lie superalgebras and
quantum groups. With the use of the Howe dualities, the highest weight vectors were explicitly
described in [3, 4], and some combinatorial character formulas for oscillator representations of
orthosymplectic Lie superalgebras were derived in [5].
The Howe duality for quantum linear groups
(
Uq(glm),Uq(gln)
)
was established by R. Zhang
[16]. The key point is to construct a suitable non-commutative coordinate algebra for quan-
tum linear groups, which could be viewed as a quantum analogue of a symmetric algebra. The
same technique could be applied in constructing the Howe duality of quantum symmetric pairs(
Uq(gln),Uq(so2n)
)
,
(
Uq(gln),Uq(so2n+1)
)
and
(
Uq(gln),Uq(sp2n)
)
in [9], and quantum super-
groups
(
Uq(glm|n),Uq(glk|l)
)
[15, 17]. As an application, the first and second fundamental theo-
rems of the invariant theory for the quantum general linear (super)groups were obtained in [10, 17].
In this paper, we aim to establish a Howe duality for a pair of quantum queer superalgebras.
The quantum queer superalgebra Uq(qn) was constructed in G. Olshanski’s letter [11], in which
the queer analogue of the celebrated Schur-Weyl duality, often referred to as Sergeev-Olshanski
duality, was also established. Recently, the highest weight representation theory for quantum
queer superalgebra Uq(qn) was investigated by D. Grantcharov, J. Jung, S-J, Kang and M. Kim
[6]. They proved that every Uq(qn)-supermodule in the category of tensor supermodules (sub-
supermodules of a finite tensor product of the contravariant supermodule) is completely reducible
and all irreducible objects in this category are irreducible highest weight supermodules. A sur-
prising observation in [6] is that an irreducible Uq(qn)-supermodule over the field C(q) may be
reducible when taking the classical limits. This obstacle will be overcome by enlarging C(q) to the
field C((q)) of formal power series as in [7].
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Our approach to obtaining a Howe duality for a pair of quantum queer superalgebras takes
advantage of quantum coordinate superalgebras Aq(qn) as a non-commutative analogue of the
symmetric superalgebra S(Cn
2|n2), which is inspired by R. Zhang’s paper [16]. We show that
the quantum coordinate superalgebra Aq(qn) has a multiplicity-free decomposition as Uq−1(qn)⊗
Uq(qn)-supermodule, based on which the Howe duality for a pair of quantum queer superalgebras
(Uq−1 (qn),Uq(qm)) is obtained. Finally, we recover the Sergeev-Olshanski duality by explicitly
defining an action of the Hecke-Clifford superalgebra HCq(m) on the zero weight spaces of the
supermodules involved in the (Uq−1(qn),Uq(qm))-Howe duality. The invariant theory for quantum
queer superalgebras is under consideration and will be treated in our sequel papers.
2 Quantum queer Lie superalgebra Uq(qn)
In this section, we will review some basic definitions of the queer Lie superalgebras and their
quantum enveloping superalgebras to fix notations. We also briefly summarize a few key facts
about the highest weight representation theory of the quantum queer superalgebras that has been
systematically investigated in [6].
For a positive integer n, we set In|n := {−n, . . . ,−1, 1, . . . , n}, on which we define the parity
of i ∈ In|n to be
|i| :=
{
0¯, if i > 0,
1¯, if i < 0.
Let V := Cn|n be the superspace with standard basis vi of parity |i| for i ∈ In|n. Its endomorphism
ring End(V ) is an associative superalgebra with standard basis Eij of parity |i|+ |j| for i, j ∈ In|n.
Under the standard supercommutator, End(V ) is also a Lie superalgebra that is denoted by gln|n.
The queer Lie superalgebra qn is the Lie sub-superalgebra of gln|n spanned by
eij := Eij + E−i,−j , fij := E−i,j + Ei,−j for i, j = 1, . . . , n.
In the queer Lie superalgebra qn, we fix the standard Cartan sub-superalgebra h := h0¯⊕ h1¯, where
h0¯ (resp. h1¯) is spanned by ǫ
∨
i := eii (resp. fii) for i = 1, . . . , n. Let {ǫ1, . . . , ǫn} be the basis of
h∗0 dual to {ǫ
∨
1 , . . . , ǫ
∨
n}. Then Pn := ⊕
n
i=1Zǫi is the weight lattice of type Q and P
∨
n := ⊕
n
i=1Zǫ
∨
i is
the dual weight lattice of type Q.
In order to work with the quantization, our base field C is extended to the field1 C((q)) of
formal Laurent series in an indeterminate q. We denote Vq to be the C((q))-vector space V ⊗C((q)).
The quantum queer superalgebra Uq(qn) was firstly introduced by G. Olshanski in [11] with the
FRT formulism. The associated S-matrix is given by
S :=
∑
i,j∈I
qϕ(i,j)Eii ⊗ Ejj + ξ
∑
i,j∈I,i<j
(−1)|i|(Eji + E−j,−i)⊗ Eij ∈ EndC((q))(Vq)
⊗2,
where
ϕ(i, j) = (−1)|j|(δi,j + δi,−j) and ξ = q − q
−1.
Definition 2.1 (G. Olshanski [11]). The quantum queer superalgebra Uq(qn) is the unital asso-
ciative superalgebra over C((q)) generated by elements Lij of parity |i| + |j| for i, j ∈ In|n and
i 6 j, with defining relations:
LiiL−i,−i = 1 = L−i,−iLii, (2.1)
L12L13S23 = S23L13L12, (2.2)
where L =
∑
i6j
Lij ⊗ Eij and the relation (2.2) holds in Uq(qn)⊗C((q))
(
EndC((q))(Vq)
)⊗2
.
1The highest weight representation theory of Uq(qn) over C(q) was developed in [6]. The challenge of working
over the field C(q) is that the classical limit of an irreducible highest Uq(qn)-supermodule may no longer be
irreducible. As indicated in [7], enlarging the base field to C((q)) will overcome this challenge.
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The relation (2.2) is equivalently rewritten in terms of generators as:
qϕ(j,l)(−1)(|i|+|j|)(|k|+|l|)LijLkl + δk6j<lξθ(i, j, k)LilLkj
+ δi6−l<j6−kξθ(−i,−j, k)Li,−lLk,−j
=qϕ(i,k)LklLij + δk<i6lξθ(i, j, k)LilLkj
+ δ−j6k<−i6lξθ(−i,−j, k)L−i,lL−k,j ,
for i 6 j and k 6 l, where θ(i, j, k) = (−1)|i||j|+|j||k|+|k||i|.
Moreover, Uq(qn) is a Hopf superalgebra with the following comultiplication
∆(Lij) =
∑
i6k6j
(−1)(|i|+|k|)(|k|+|j|)Lik ⊗ Lkj =
∑
i6k6j
Lik ⊗ Lkj for i 6 j.
The counit and antipode on Uq(qn) are given by ε(L) = 1 and S(L) = L
−1, respectively.
An alternative presentation of the quantum queer superalgebra Uq(qn) in terms of generators
and relations are described in [7], where the generators are set to be
ki : = Lii, k
−1
i := L−i,−i, ej : = −ξLj+1,j+1L−j−1,−j , fj : = ξ
−1Lj,j+1L−j−1,−j−1,
k¯i : = −ξ
−1L−i,i, e¯j : = −ξ
−1Lj+1,j+1L−j−1,j , f¯j : = −ξ
−1L−j,j+1L−j−1,−j−1,
for i = 1, . . . , n and j = 1, . . . , n− 1, and the defining relations are given in [7, Definition 1.1].
Next, we briefly review the highest weight representation theory of Uq(qn) over C((q)) consid-
ered in [6, 7]. The superalgebra Uq(qn) admits the triangular decomposition:
Uq(qn) = U
−
q (qn)⊗U
0
q(qn)⊗U
+
q (qn),
where U0q(qn) is the sub-superalgebra of Uq(qn) generated by k
±1
i and k¯i for i = 1, . . . , n, and
U+q (qn) (resp. U
−
q (qn)) is the sub-superalgebra of Uq(qn) generated by ei and e¯i (resp. fi and f¯i)
for i = 1, . . . , n− 1. We also denote by U>0q (qn) (resp. U
60
q (qn)) the sub-superalgebra of Uq(qn)
generated by U0q(qn) and U
+
q (qn) (resp. by U
0
q(qn) and U
−
q (qn)).
A Uq(qn)-supermodule M is called a weight supermodule if M admits a weight space decom-
position
M =
⊕
µ∈P
Mµ,
where Mµ := {m ∈ M |ki.m = q
µim for i = 1, . . . , n}. An element µ ∈ P such that Mµ 6= 0 is
called a weight of M . The set of all weights of M is denoted by wt(M).
A weight Uq(qn)-supermodule M is called a highest weight supermodule if M is generated by
a finite-dimensional irreducible U>0q (qn)-supermodule v, i.e.,
M = Uq(qn)⊗U>0q (qn) v.
Every nonzero vector in v is called a highest weight vector of M . It is known from [6] that all
highest weight vector ofM have the same weight λ ∈ P , whence we say thatM is a highest weight
Uq(qn)-supermodule with highest weight λ.
Moreover, a finite-dimensional irreducible U>0q (qn)-supermodule is determined by a weight
λ ∈ P up to the parity reversing functor Π. The reasoning is the following: Firstly, every finite-
dimensional irreducible weight U>0q (qn)-supermodule is an irreducible U
0
q(qn)-supermodule with
the trivial action by U+q (qn). Secondly, an irreducible U
0
q(qn)-supermodule has weight λ ∈ P , and
hence an irreducible supermodule of the quantum Clifford superalgebra Cliffq(λ) := U
0
q(qn)/I
q(λ),
where Iq(λ) is the left ideal of U0q(qn) generated by h−q
λ(h)1, h ∈ P∨. Finally, Cliffq(λ) has at most
two irreducible supermodules Eq(λ) and ΠEq(λ). More precisely, Cliffq(λ) has a unique irreducible
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supermodule if Eq(λ) is isomorphic to ΠEq(λ), in which case this irreducible supermodule Eq(λ)
is of type Q2. While Cliffq(λ) has exactly two irreducible supermodules E
q(λ) and ΠEq(λ) if they
are not isomorphic, in which case both Eq(λ) and ΠEq(λ) are of type M . The type of Eq(λ) can
be distinguished by the number ℓ(λ) of nonzero components of λ = λ1ǫ1 + · · · + λnǫn. Namely,
Eq(λ) is of type M if ℓ(λ) is even and is of type Q if ℓ(λ) is odd.
Remark 2.2. According to [7], we know that Eq(λ) over the field C((q)) is of type M if ℓ(λ) is
even. An interesting observation in [6] showed that this may be false if the base field is C(q).
Conversely, the simple Cliffq(λ)-supermodule E
q(λ) is naturally a U0q(qn)-supermodule via the
canonical quotient map U0q(qn) → Cliffq(λ), which is also regarded as a U
>0
q (qn)-supermodule
with the trivial action by U+q (qn). The Uq(qn)-supermodule
W q(λ) = Uq(qn)⊗U>0q (qn) E
q(λ)
is call the Weyl supermodule of Uq(qn) (defined by a highest weight λ up to the parity reversing
functor Π). It was demonstrated in [6] that every highest weight Uq(qn)-supermodule of highest
weight λ is a homomorphic image ofW q(λ) andW q(λ) has the unique simple quotient L(λ), which
is called the irreducible highest weight supermodule of Uq(qn) with highest weight λ. We also write
L(λ) as Lqn(λ) if it is necessary to emphasize the superalgebra acting on it.
A naive example of a Uq(qn)-supermodule is the contravariant vector supermodule Vq , on which
the action of Uq(qn) is given by
kivj = q
δijvj , kiv−j = q
δijv−j , k¯ivj = δj,iv−j , k¯iv−j = δj,ivj ,
eivj = δj,i+1vi, eiv−j = δj,i+1v−i, fivj = δj,ivi+1, fiv−j = δj,iv−i−1,
e¯ivj = δj,i+1v−i, e¯iv−j = δj,i+1vi, f¯ivj = δj,iv−i−1, f¯iv−j = δj,ivi+1
for all possible i, j.
The Uq(qn)-supermodule Vq is indeed an irreducible highest weight Uq(qn)-supermodule with
highest weight ǫ1, i.e., Vq ∼= L(ǫ1).
Note that Uq(qn) is a Hopf superalgebra, the tensor product V
⊗m
q for a positive integer m is
naturally a Uq(qn)-supermodule with
wt(V ⊗m) ⊂ P+n = {λ = λ1ǫ1 + · · ·λnǫn ∈ P | λj ∈ Z>0 for all j = 1, . . . n}.
It is known from [7] that every V ⊗mq is completely reducible, whose irreducible summands should
be irreducible highest weight Uq(qn)-supermodules L(λ) with λ ∈ Λ
+
n ∩ P
+
n , where
Λ+n = {λ ∈ h
∗
0¯| λi − λi+1 ∈ Z+ and λi = λi+1 implies λi = λi+1 = 0 for all i = 1, . . . , n− 1}.
Conversely, every L(λ) with λ ∈ Λ+n∩P
+
n is finite-dimensional and is an irreducible sub-supermodule
of V ⊗m for some positive integer m.
The antipode on the Hopf superalgebra Uq(qn) leads to the natural notion of a dual Uq(qn)-
supermodule. Namely, given a Uq(qn)-supermodule M , its dual superspace M
∗ is also a Uq(qn)-
supermodule under the action
〈x.f, v〉 = (−1)|x||f |〈f, S(x).v〉 for x ∈ Uq(qn), f ∈M
∗, v ∈M.
For the irreducible highest weight Uq(qn)-supermodule L(λ), its dual supermodule L(λ)
∗ is an
irreducible lowest weight Uq(qn)-supermodule with lowest weight −λ.
We consider the C((q))-semilinear anti-automorphism
σ : Uq(qn) 7→ Uq(qn), Lij 7→ (−1)
|i||j|+|j|L−j,−i for i, j ∈ In|n with i 6 j, (2.3)
2An irreducible supermodule of type Q (resp. type M) if it admits (resp. does not admit) an odd automorphism.
A supermodule of type Q (resp. type M) is also called self-associate (resp. absolutely irreducible) in literatures
(see [2]).
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where the C((q))-semilinearity means that it is C-linear and takes q to q−1. Composing with the
inverse of the antipode, we obtain a C((q))-semilinear isomorphism S−1 ◦ σ : Uq−1(qn)→ Uq(qn),
which induces a functor from the category of Uq(qn)-supermodule to the category of Uq−1(qn)-
supermodules. The functor maps a Uq(qn)-supermodule M to a Uq−1 (qn)-supermodule M
σ, on
which the action of Uq−1(qn) is given by
x.
σ
v = S−1(σ(x)).v for x ∈ Uq−1(qn), v ∈M.
In particular, for the dual irreducible highest weight Uq(qn)-supermodule (L
q
n(λ))
∗, we have
(Lqn(λ))
∗σ ∼= Lq
−1
n (λ), (2.4)
as Uq−1(qn)-supermodules.
We remind the readers that the Cliffq(λ)-supermodule E
q(λ) is of type Q if ℓ(λ) is odd.
Consequently, for λ ∈ Λ+n ∩ P
+
n with ℓ(λ) odd, the Uq(qn)-supermodule L(λ) admits an odd
automorphism
ωλ : L(λ)→ L(λ) (2.5)
such that ω2λ = −id. For instance, on the contravariant vector supermodule Vq, the C((q))-linear
map
ω : Vq → Vq, va 7→ (−1)
|a|v−a for a ∈ In|n
is such an odd automorphism. This leads to the following facts: Let λ ∈ Λ+n ∩ P
+
n
• If ℓ(λ) is even, then L(λ)∗ ⊗ L(λ) is an irreducible L(λ)∗ ⊗ L(λ)-supermodule.
• If ℓ(λ) is odd, then L(λ)∗⊗L(λ) is the direct sum of two isomorphic copies of an irreducible
Uq(qn)⊗Uq(qn)-supermodule.
In both cases, we denote the unique irreducible factor of L(λ)∗ ⊗ L(λ) by L(λ)∗ ⊛ L(λ).
To conclude this section, we consider the classical limit of Uq(qn) and its highest weight su-
permodules as q → 1. Let C[[q]] be the subring of C((q)) consisting of formal power series in q
and
A1 := {f/g| f, g ∈ C[[q]], g(1) 6= 1}.
Then the A1-sub-superalgebra UA1(qn) of Uq(qn) generated by 1,
k±1
i
−1
q−1 , k¯i, ej, e¯j , fj, f¯j for i =
1, . . . , n and j = 1, . . . , n − 1 is an A1-form of Uq(qn). Let J1 be the ideal of A1 generated by
q − 1. Then A1/J1 is isomorphic to C. Moreover, the Hopf superalgebra A1/J1 ⊗A1 UA1(qn) is
isomorphic to the universal enveloping superalgebra U(qn).
The A1-superalgebra UA1(qn) also admits a triangular decomposition
UA1(qn) = U
−
A1
(qn)⊗U
0
A1
(qn)⊗U
+
A1
(qn),
where U0
A1
(qn) is the A1-sub-superalgebra of Uq(qn) generated by
k±1
i
−1
q−1 , k¯i for i = 1, . . . , n, and
U+
A1
(qn) (resp. U
−
A1
(qn)) is the A1-sub-superalgebra of Uq(qn) generated by ei and e¯i (resp. fi
and f¯i) for i = 1, . . . , n− 1.
Given λ ∈ Λ+ ∩ P+, the quantum Clifford superalgebra Cliffq(λ) = U
0
q(qn)/I
q(λ) is generated
by the canonical images 1+ Iq(λ) and k¯i + I
q(λ) for i = 1, . . . , n. An A1-form of Cliffq(λ) is the
A1-sub-superalgebra of Cliffq(λ) generated by 1 + I
q(λ) and k¯i + I
q(λ) for i = 1, . . . , n, which
we denote by CliffA1(λ). Let E
q(λ) be an irreducible Cliffq(λ)-supermodule and v ∈ E
q(λ) be a
nonzero even element of Eq(λ). We set EA1(λ) to be the CliffA1(λ)-sub-supermodule of E
q(λ)
generated by v. Then EA1(λ) is an A1-form of E
q(λ) and is invariant under U0
A1
(qn). Let L(λ) be
the irreducible highest weight Uq(qn)-supermodule generated by E
q(λ). Then the UA1(qn)-sub-
supermodule generated by EA1(λ) is an A1-form of L(λ), which is denoted by L
A1(λ). Moreover,
A1/J1 ⊗A1 L
A1(λ) ∼= L(λ)
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as U(qn)-supermodules, where L(λ) is an irreducible highest weight U(qn)-supermodule of highest
weight λ (see [7, Proposition 1.9]).
For the dual supermodule L(λ)∗, we define
LA1(λ)∗ = {f ∈ L(λ)∗|f
(
LA1(λ)
)
⊆ A1}.
Then LA1(λ)∗ is a UA1(qn)-sub-supermodule of L(λ)
∗ and an A1-form of L(λ). We also have
A1/J1 ⊗A1 L
A1(λ)∗ ∼= L(λ)∗
as U(qn)-supermodule, where L(λ)
∗ is the dual U(qn)-supermodule of L(λ).
3 Quantum coordinate superalgebra Aq(qn)
This section is devoted to construct a non-commutative analogue Aq(qn) of the symmetric super-
algebra S(Cn
2|n2). It plays the role of the coordinate superalgebra of the quantum supergroup
Uq(qn). Moreover, Aq(qn) will be equipped with an action of Uq(qn) ⊗ Uq(qn) via the left and
right translation of Uq(qn). We will also establish a multiplicity-free decomposition of Aq(qn) as
a Uq(qn)⊗Uq(qn)-supermodule that serves as the Peter-Weyl theorem for Uq(qn).
Let Uq(qn)
◦ denote the finite dual of the Hopf superalgebra Uq(qn), i.e.,
Uq(qn)
◦ := {f ∈ Uq(qn)
∗| ker f contains a cofinite Z2-graded ideal of Uq(qn)} ,
which also has the structure of a Hopf superalgebra. The multiplication, comultiplication, counit
and antipode of Uq(qn)
◦ will be denoted by m◦,∆◦, ǫ◦ and S◦, respectively.
We define two Uq(qn)-supermodule structures on Uq(qn)
◦:
Φ : Uq(qn)⊗Uq(qn)
◦ → Uq(qn)
◦, x⊗ f 7→ Φx(f),
Ψ : Uq(qn)⊗Uq(qn)
◦ → Uq(qn)
◦, x⊗ f 7→ Ψx(f),
where Φx(f),Ψx(f) ∈ Uq(qn)
◦ are given by
〈Φx(f), y〉 = (−1)
(|f |+|y|)|x|〈f, yx〉 and 〈Ψx(f), y〉 = (−1)
|f ||x|〈f, S(x)y〉,
for y ∈ Uq(qn). Moreover, we verify that the two actions of Uq(qn) on Uq(qn)
◦ given by Φ and Ψ
are compatible with the superalgebra structures on Uq(qn)
◦ in the sense that Uq(qn)
◦ is a Uq(qn)-
supermodule superalgebra under Φ and a Uq(qn)-supermodule superalgebra under Ψ with respect
to the opposite comultiplication, i.e.,
Φx(fg) =
∑
(−1)|f ||x(2)|Φx(1)(f)Φx(2)(g), and
Ψx(fg) =
∑
(−1)|f ||x(1)|+|x(1)||x(2)|Ψx(2)(f)Ψx(1)(g).
Furthermore, the two actions Φ and Ψ are super-commutative, i.e.,
ΦxΨy(f) = (−1)
|x||y|ΨyΦx(f),
for x, y ∈ Uq(qn) and f ∈ Uq(qn)
◦. It leads to a Uq(qn) ⊗ Uq(qn)-supermodule structure on
Uq(qn)
◦ under the joint action Ψ⊗ Φ, i.e.,
(x ⊗ y).f = ΨxΦy(f) for x, y ∈ Uq(qn) and f ∈ Uq(qn)
◦.
In order to explore the Uq(qn) ⊗ Uq(qn)-supermodule structure on Uq(qn)
◦, we introduce a
C((q))-linear map for each λ ∈ Λ+n ∩ P
+
n :
τλ : L(λ)∗ ⊗ L(λ)→ Uq(qn)
◦, u˜⊗ v 7→ τλu˜,v,
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where τλu˜,v is defined by τ
λ
u˜,v(x) := (−1)
|x||v|〈u˜, xv〉. The linear functional τλu˜,v is contained in
Uq(qn)
◦ since L(λ) is finite-dimensional. Moreover,
Φx(τ
λ
u˜,v) = (−1)
|x||u˜|τλu˜,x.v and Ψx(τ
λ
u˜,v) = τ
λ
x.u˜,v, (3.1)
for x ∈ Uq(qn), u˜ ∈ L(λ)
∗ and v ∈ L(λ). Hence, τλ is a Uq(qn)⊗Uq(qn)-supermodule homomor-
phism.
Lemma 3.1. If ℓ(λ) is odd, then
τλω˜λ(u˜),ωλ(v) = −(−1)
|u˜|τλu˜,v for u˜ ∈ L(λ)
∗, v ∈ L(λ),
where ωλ is the odd automorphism of L(λ) as (2.5) and ω˜λ is the odd automorphism of L(λ)
∗
induced by ωλ. Consequently, the image of τ
λ is isomorphic to L(λ)∗ ⊛ L(λ).
Proof. The odd automorphism ω˜λ : L(λ)
∗ → L(λ)∗ is given by
〈ω˜λ(u˜), v〉 = (−1)
|u˜|〈u˜, ωλ(v)〉 for u˜ ∈ L(λ)
∗, v ∈ L(λ).
Hence, for x ∈ Uq(qn), u˜ ∈ L(λ)
∗, v ∈ L(λ), we verify that
τλω˜λ(u˜),ωλ(v)(x) =(−1)
|x|(|v|+1)〈ω˜λ(u˜), x.ωλ(v)〉 = (−1)
|x||v|〈ω˜λ(u˜), ωλ(x.v)〉
=− (−1)|x||v|+|u˜|〈u˜, x.v〉 = −(−1)|u˜|τλu˜,v(x),
i.e., τλω˜λ(u˜),ωλ(v) = −(−1)
|u˜|τλu˜,v.
Now, τλ : L(λ)∗⊗L(λ)→ Uq(qn)
◦ is a nonzero homomorphism of Uq(qn)⊗Uq(qn)-supermodules.
Hence, the image of τλ is a nonzero quotient of L(λ)∗ ⊗ L(λ). The equality τλω˜λ(u˜),ωλ(v) =
−(−1)|u˜|τλu˜,v ensures that the image of τ
λ has a dimension strictly less than the dimension of
Ln(λ)
∗ ⊗ Ln(λ). Consequently, as a nonzero proper quotient of L(λ)
∗ ⊗ L(λ), the image of τλ is
isomorphic to L(λ)∗⊛L(λ), the irreducible Uq(qn)⊗Uq(qn)-sub-supermodule of L(λ)
∗⊗L(λ).
Now, we consider the special case where L(ǫ1) = Vq is the contravariant vector supermodule
of Uq(qn). Fix the standard basis {va, a ∈ In|n} of Vq and the dual basis {v
∗
a, a ∈ In|n} of V
∗
q , we
call
tab := (−1)
(|a|+|b|)|b|τ ǫ1v∗a,vb ∈ Uq(qn)
◦ for a, b ∈ In|n
the matrix elements furnished by the Uq(qn)-supermodule Vq. They satisfy
x.vb =
∑
a∈In|n
〈tab, x〉va for x ∈ Uq(qn).
Definition 3.2. The sub-superalgebra of Uq(qn)
◦ generated by tab for a, b ∈ In|n is called the
quantum coordinate superalgebra of Uq(qn), denoted by Aq(qn).
Proposition 3.3. The quantum coordinate superalgebra Aq(qn) is a sub-bi-superalgebra of Uq(qn)
◦,
in which the generators tab for a, b ∈ In|n satisfy the relations:
tab = t−a,−b for a, b ∈ In|n, (3.2)
S12T 13T 23 = T 23T 13S12, (3.3)
where T =
∑
a,b∈In|n
Eab ⊗ tab ∈ End(Vq)⊗C((q)) Aq(qn), and the comultiplication satisfies
∆◦(tab) =
∑
c∈In|n
tac ⊗ tcb for a, b ∈ In|n.
Proof. The proof is straightforward. We omit the details here.
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Remark 3.4. It follows from (3.2) and (3.3) that Aq(qn) is spanned by{
ta1,b1ta2,b2 · · · tal,bl | ai ∈ In|n, 1 6 b1 6 · · · 6 bl 6 n and l > 0
}
.
Moreover, as a result of (3.1), Aq(qn) is invariant under both the actions of Φ and Ψ, and thus
a Uq(qn)⊗Uq(qn)-supermodule. Combining the superalgebra structure on Aq(qn), we obtain that
Aq(qn) is a Uq(qn)-supermodule superalgebra under Φ and a Uq(qn)-supermodule superalgebra
under Ψ with respect to the opposite comultiplication of Uq(qn).
Theorem 3.5. The Uq(qn)⊗Uq(qn)-supermodule Aq(qn) under Ψ⊗Φ admits a multiplicity-free
decomposition:
Aq(qn) ∼=
⊕
λ∈Λ+n∩P
+
n
L(λ)∗ ⊛ L(λ).
Proof of Theorem 3.5. For λ ∈ Λ+n ∩ P
+
n , it is known from [6] that the irreducible highest weight
Uq(qn)-supermodule L(λ) is a sub-supermodule of the tensor product of finitely many copies of
Vq, which implies that τ
λ
u˜,v for u˜ ∈ L(λ)
∗ and v ∈ L(λ) is generated by tab for a, b ∈ In|n. Hence,
the image of τλ is contained in Aq(qn).
On the other hand, a tensor product of finitely many copies of Vq is completely reducible. Each
of its irreducible summands is of the form L(λ) for λ ∈ Λ+n ∩P
+
n . It follows that Aq(qn) is spanned
by the image of τλ for λ ∈ Λ+n ∩ P
+
n .
Moreover, if ℓ(λ) is even, then L(λ)∗ ⊗L(λ) is irreducible as a Uq(qn)⊗Uq(qn)-supermodule.
It yields that τλ is injective, whose image is isomorphic to L(λ)∗ ⊗ L(λ). If ℓ(λ) is odd, then
Lemma 3.1 implies that the image of τλ is isomorphic to L(λ)∗ ⊛ L(λ), the irreducible factors of
L(λ)∗ ⊗ L(λ).
Finally, the irreducible Uq(qn) ⊗ Uq(qn)-supermodules L(λ)
∗ ⊛ L(λ) for λ ∈ Λ+n ∩ P
+
n are
pairwisely nonisomorphic. Hence, Aq(qn) is the direct sum of the images of τ
λ for λ ∈ Λ+n ∩ P
+
n
and we obtain the desired decomposition.
Remark 3.6. Theorem 3.5 can be viewed as Peter-Weyl theorem for the quantum queer superal-
gebra Uq(qn).
Recall from (2.3) that there is a C((q))-semilinear anti-automorphism σ on Uq(qn). It yields a
Uq−1(qn)-supermodule structure Ψ˜ on Uq(qn)
◦:
〈Ψ˜x.f, y〉 = (−1)
|x||f |〈f, σ(x)y〉 for x, y ∈ Uq(qn) and f ∈ Uq(qn)
◦.
In particular, we verify that
Ψ˜x.τ
λ
u˜,v = τ
λ
S◦σ(x).u˜,v for x ∈ Uq(qn), u˜ ∈ L(λ)
∗ and v ∈ L(λ),
which yields that Aq(qn) is a sub-supermodule under the action Ψ˜. We verify that Uq(qn)
◦ is
also a Uq−1 (qn)-supermodule superalgebra under the action Ψ˜ and so is Aq(qn). Then Aq(qn) is a
Uq−1(qn) ⊗ Uq(q)-supermodule since Ψ˜ is also supercommutative with Φ. Combining with (2.4),
we have
Corollary 3.7. The Uq−1(qn)⊗Uq(q)-supermodule Aq(qn) under Ψ˜⊗Φ admits a multiplicity-free
decomposition:
Aq(qn) ∼=
⊕
λ∈Λ+n∩P
+
n
Lq
−1
n (λ) ⊛ L
q
n(λ). (3.4)
Remark 3.8. Recall that UA1(qn) is a A1-form of Uq(qn), we define
UA1(qn)
◦ = {f ∈ Uq(qn)
◦| f(UA1(qn)) ⊆ A1},
which turns out to be an A1-form of Uq(qn)
◦. It is easily observed that tab ∈ UA1(qn)
◦, and
hence, the A1-sub-superalgebra generated by tab for a, b ∈ In|n is an A1-form of Aq(qn) that is
denoted by AA1 (qn). It is invariant under the action Ψ˜, Ψ and Φ of UA1(qn). Taking the classical
limit, we obtain that A1/J1⊗A1 AA1(qn) is isomorphic to the symmetric superalgebra S(C
n2|n2).
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4 Howe duality for quantum queer superalgebras
For two positive integers m,n, we set s = max(m,n). It is obvious that the sub-superalgebra of
Uq(qs) generated by Li,j for i 6 j with i, j ∈ Im|m is a Hopf supersuperalgebra of Uq(qs) isomorphic
to Uq(qm). Similarly, Uq−1(qn) is identified with the corresponding Hopf sub-superalgebra of
Uq−1(qs). We have shown in Section 3 thatAq(qs) is a Uq−1 (qs)⊗Uq(qs)-supermodule superalgebra
under the joint action Ψ˜⊗Φ. Hence, it is naturally a Uq−1(qn)⊗Uq(qm)-supermodule superalgebra
via the restriction of Ψ˜ to Uq−1(qn) and the restriction of Φ to Uq(qm). However, Aq(qs) fails to
admit a multiplicity-free decomposition with respect to the action of Uq−1 (qn)⊗Uq(qm). Instead,
we consider the following sub-superspace:
Aq(qn, qm) := {f ∈ Aq(qs)| Ψ˜ki .f = f for n < i 6 s and Φkj .f = f for m < j 6 s}.
Note that ∆(ki) = ki ⊗ ki for i = 1, . . . , s, the sub-superspace Aq(qn, qm) of Aq(qs) is a sub-
superalgebra. One easily observes that tab with a ∈ In|n and b ∈ Im|m are contained in Aq(qn, qm)
andAq(qn, qm) is indeed the sub-superalgebra ofAq(qs) generated by tab for a ∈ In|n and b ∈ Im|m.
Moreover, ki, n < i 6 s centralize Uq−1(qn) in Uq−1(qs), the sub-superspace Aq(qn, qm) is a
Uq−1(qn)-supermodule under Ψ˜. It is indeed a Uq−1 (qn)-supermodule superalgebra under Ψ˜ with
respect to the opposite comultiplication on Uq−1(qn) since so is Aq(qs). Similarly, Aq(qn, qm)
is also a Uq(qm)-supermodule superalgebra under Φ. This gives rise to a Uq−1(qn) ⊗ Uq(qm)-
supermodule Aq(qn, qm) under the joint action Ψ˜⊗ Φ since Ψ˜ and Φ are super-commutative.
Remark 4.1. According to Remark 3.4, Aq(qn, qm) is spanned by
{ta1,b1 · · · tal,bl |1 6 b1 6 · · · 6 bl 6 m, ai ∈ In|n for i = 1, . . . , l and l > 0}.
Theorem 4.2 (How duality for quantum queer superalgebras). Let m,n be two positive integers
and r := min(m,n). Then Aq(qn, qm) admits the following multiplicity-free decomposition as a
Uq−1(qn)⊗Uq(qm)-supermodule:
Aq(qn, qm) =
⊕
λ∈Λ+r ∩P
+
r
Lq
−1
n (λ) ⊛ L
q
m(λ).
In order to prove this theorem, we need the following lemma.
Lemma 4.3. Let Lqs(λ) be the irreducible Uq(qs)-supermodule with highest weight λ ∈ Λ
+
s ∩ P
+
s
and m 6 s. We define
Lqs(λ)
Uq(qm) := {v ∈ Lqs(λ)| ki.v = v for m < i 6 s}.
Then Lqs(λ)
Uq(qm) is a Uq(qm)-supermodule and
Lqs(λ)
Uq(qm) ∼=
{
Lqm(λ), if λi = 0 for m < i 6 s,
0, otherwise.
Proof. We prove the case of m = s − 1, then the lemma easily follows from an induction. Let
vλ ⊆ L
q
s(λ) be the weight space of weight λ and M := Uq(qs−1).vλ. Then M is a highest
weight Uq(qs−1)-supermodule of highest weight λ¯ := λ1ǫ1 + · · · + λs−1ǫs−1. Note that M is
finite-dimensional, we deduce by Corollary 5.15 in [6] that M is isomorphic to Lqs−1(λ¯).
Since ks acts on vλ as a scalar q
λs and commutes with the action of Uq(qs−1) on M , we know
that ks acts on M as a scalar q
λs . Let jq− be the sub-superalgebra of Uq(qs) generated by Li,s for
i ∈ Is−1|s−1, then the PBW theorem implies that
Lqs(λ) = j
q
−M.
It follows that the eigenvalues of ks on L
q
s(λ) are of the form q
λs+k for k ∈ Z+ and M is exactly
the eigenspace of eigenvalue qλs .
Note that Lqs(λ)
Uq(qs−1) is the eigenspace of eigenvalue 1 with respect to ks, we conclude that
Lqs(λ)
Uq(qs−1) = Lqs−1(λ) if λs = 0 and L
q
s(λ)
Uq(qs−1) = 0 if λs > 0.
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Now, we return to the proof of Theorem 4.2.
Proof of Theorem 4.2. Set s = max(m,n). We recall from Theorem 3.5 that the quantum coordi-
nate superalgebra Aq(qs) admits the multiplicity-free decomposition (3.4) as a Uq−1(qs)⊗Uq(qs)-
supermodule. Now, Aq(qn, qm) is a Uq−1(qn) ⊗ Uq(qm)-sub-supermodule of Aq(qs) that consists
of elements fixed by Ψ˜ki for n < i 6 s and Φki for m < i 6 s. It suffices to compute the sub-
supermodule of each direct summand Lq
−1
s (λ) ⊛ L
q
s(λ) that consists of elements fixed by Ψ˜ki for
n < i 6 s and Φki for m < i 6 s. We denote it by
(Lq
−1
s (λ)⊛ L
q
s(λ))
U
q−1 (qn)⊗Uq(qm)
:={v ∈ Lq
−1
s (λ)⊛ L
q
s(λ)|Ψ˜kiv = v for n < i 6 s, and Φkjv = v for m < j 6 s},
which is a Uq−1 (qn)⊗Uq(qm)-sub-supermodule of L
q−1
s (λ)
U
q−1 (qn) ⊗ Lqs(λ)
Uq(qm).
By Lemma 4.3, Lq
−1
s (λ)
U
q−1 (qn) ⊗Lqs(λ)
Uq(qm) vanishes unless λi = 0 for all i > n and i > m.
Hence, we may assume λ ∈ Λ+r ∩ P
+
r . In this case,
Lq
−1
s (λ)
U
q−1 (qn) ⊗ Lqs(λ)
Uq(qm) ∼= Lq
−1
n (λ) ⊗ L
q
m(λ).
Now, if ℓ(λ) is even, then Lq
−1
s (λ) ⊛ L
q
s(λ) is isomorphic to L
q−1
s (λ)⊗ L
q
s(λ). Hence,
(Lq
−1
s (λ) ⊛ L
q
s(λ))
U
q−1 (qn)⊗Uq(qm) ∼= Lq
−1
n (λ) ⊗ L
q
m(λ) = L
q−1
n (λ) ⊛ L
q
m(λ).
If ℓ(λ) is odd, then
Lq
−1
s (λ) ⊗ L
q
s(λ)
∼= (Lq
−1
s (λ) ⊛ L
q
s(λ))
⊕2,
which yields that
Lq
−1
n (λ) ⊗ L
q
m(λ)
∼= Lq
−1
s (λ)
Uq(qn) ⊗ Lqs(λ)
Uq(qm) ∼=
(
(Lq
−1
s (λ) ⊛ L
q
s(λ))
U
q−1 (qn)⊗Uq(qm)
)⊕2
.
Hence, we conclude that
(Lq
−1
s (λ) ⊛ L
q
s(λ))
U
q−1 (qn)⊗Uq(qm) ∼= Lq
−1
n (λ) ⊛ L
q
m(λ).
The desired decomposition for Aq(qn, qm) follows.
Remark 4.4. As we have shown in Remark 3.8, the A1-sub-superalgebra of Aq(qn) generated
by tab, a, b ∈ In|n is an A1-form of Aq(qn). Similarly, the A1-sub-superalgebra AA1(qn, qm) of
Aq(qn, qm) generated by tab for a ∈ In|n and b ∈ Im|m is an A1-form of Aq(qn, qm), which is
also invariant under the actions Ψ˜, Ψ and Φ of UA1(qn). Moreover, A1/J1 ⊗A1 AA1(qn, qm) is
isomorphic to the symmetric superalgebra S(Cmn|mn). By taking the classical limits, Theorem 4.2
implies the (U(qn),U(qm))-Howe duality obtained in [4].
5 Sergeev duality for quantum queer superalgebras
The Sergeev-Olshanski duality [11] states that the Uq(qn)-supermodule V
⊗m
q admits an action of
the finite Hecke-Clifford superalgebra HCq(m), which centralizes the action of Uq(qn). We will
show in this section that the Sergeev-Olshanski duality is also implied by the (Uq−1 (qn),Uq(qm))-
Howe duality.
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The finite Hecke-Clifford superalgebra HCq(m) is the unital associative superalgebra over
C((q)) with the even generators T1, . . . , Tm−1 and odd generators C1, . . . , Cm subject to the fol-
lowing relations:
(Ta − q)(Ta + q
−1) = 0 for a = 1, . . . ,m− 1, (HC1)
TaTa+1Ta = Ta+1TaTa+1 for a = 1, . . . ,m− 2, (HC2)
TaTb = TbTa for a, b = 1, . . . ,m− 1 and |a− b| > 1, (HC3)
C2a = 1 for a = 1, . . . ,m, (HC4)
CaCb = −CbCa for a, b = 1, . . . ,m and a 6= b, (HC5)
TaCa = Ca+1Ta for a = 1, . . . ,m− 1, (HC6)
TaCb = CbTa for a = 1, . . . ,m− 1, b = 1, . . . ,m, and b 6= a, a+ 1. (HC7)
The finite Hecke-Clifford superalgebra HCq(m) is a quantum deformation of the Sergeev superalge-
bra in [14]. The classification of finite-dimensional irreducible HCq(m)-supermodules was obtained
in [1], in which HCq(m) was viewed as a special cyclotomic Hecke-Clifford superalgebra. Every
finite-dimensional irreducible HCq(m) is determined by a strict partition λ of m up to the parity
reversing functor Π. The irreducible HCq(m)-supermodule determined by λ is denoted by D
q
m(λ).
The tensor space V ⊗mq is also an HCq(m)-supermodule under the action
Ta.vi1 ⊗ · · · ⊗ vim =(−1)
|ia||ia+1|qϕ(ia,ia+1)vi1 ⊗ · · · ⊗ via−1 ⊗ via+1 ⊗ via ⊗ via+2 ⊗ · · · ⊗ vim
+ δia<ia+1ξvi1 ⊗ · · · ⊗ vim
+ (−1)|ia+1|δ−ia<ia+1ξvi1 ⊗ via−1 ⊗ v−ia ⊗ v−ia+1 ⊗ · · · ⊗ vim , (5.1)
Cb.vi1 ⊗ · · · ⊗ vim =(−1)
|i1|+···+|ib−1|+|ib|vi1 ⊗ · · · ⊗ vib−1 ⊗ v−ib ⊗ vib+1 ⊗ · · · ⊗ vim , (5.2)
for 1 6 a 6 m− 1, 1 6 b 6 m and 1 6 i1, . . . , im 6 n. Then the Sergeev-Olshanski duality can be
restated as follows.
Theorem 5.1 (Sergeev-Olshanski Duality [11, 13]). The actions of Uq(qn) and HCq(m) on V
⊗m
q
are mutual centralizers. Moreover, the Uq(qn)⊗HCq(m)-module V
⊗m
q admits the multiplicity-free
decomposition
V ⊗mq
∼=
⊕
λ∈SP(m)
ℓ(λ)6n
Lqn(λ)⊛D
q
m(λ),
where SP(m) is the set of strict partitions of m.
In order to prove that the
(
Uq−1(qn),Uq(qm)
)
-Howe duality implies the quantum Sergeev-
Olshanski duality, we need some preparation.
Let M be a locally finite weight supermodule over Uq(qm). We introduce the braid operators
Ta ∈ EndC((q))(M) for a = 1, . . . ,m− 1 as in [12]:
Tav =
∑
i,j,k∈Z+
(−1)|j|qk(k−j)−i(i−j+k)+j−1e(i)a f
(j)
a e
(k)
a k
k−i
a k
i−k
a+1v for v ∈M,
where x(j) = x
j
[j]! for x ∈ Uq(qm) and [j] =
qj−q−j
q−q−1 . The same arguments as in [12] show that the
operators Ta for a = 1, . . . ,m− 1 satisfy the braid relations (HC2) and (HC3).
Now, we consider the zero weight space M0 of M (that is the weight space of ǫ1 + · · ·+ ǫm)
M0 := {u ∈M |ki.u = qu for i = 1, . . . ,m}.
It is easy to observe that M0 is invariant under Ta for a = 1, . . . ,m− 1, since
ka.Tav = q
µa−µa+1Takav, ka+1.Tav = q
µa+1−µaTaka+1.v, and kbTav = Takb.v,
for b 6= a, a+1 and a weight vector v of weight µ. Moreover, the commutativity of ka, a = 1, . . . ,m
and kb¯, b = 1, . . . ,m ensures that M0 is also invariant under Cb := kb¯ for b = 1, . . . ,m.
For λ ∈ Λ+m ∩ P
+
m , the irreducible highest weight supermodule L
q
m(λ) has a nonvanishing zero
weight space only if λ is a partition of m.
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Lemma 5.2. The endomorphisms Ta, a = 1, . . . ,m− 1 and Cb, b = 1, . . . ,m satisfy the relations
(HC1)-(HC7) for HCq−1(m), and hence, define an HCq−1(m)-supermodule structure on M0.
Proof. We only check (HC1) and (HC4)-(HC7). The relation (HC1) follows from the fact that
k2a¯ =
q2ka − q−2ka
q2 − q−2
,
which acts on M0 as identity. The relations (HC5) and (HC7) also hold obviously.
In order to check (HC1) and (HC6), we set Uq(q2)a to be the sub-superalgebra of Uq(qn)
generated by q±ka , q±ka+1 , k¯a, k¯a+1, ea, ea+1, e¯a, e¯a+1, fa, fa+1, f¯a, f¯a+1. Then Ta, Ta+1, Ca, Ca+1
lie in the image of Uq(q2)a in End(M).
Now, M is completely reducible as a Uq(q2)a-supermodule. It suffices to verify (HC1) and
(HC6) on the zero weight space of an irreducible highest weight Uq(q2)a-supermodule L
q
2(λ).
Note that the zero weight space of Lq2(λ) is zero unless λ = 2ǫ1. Hence, we only need to check
(HC1) and (HC6) on the irreducible Uq(q2)-supermodule L
q
2(2ǫ1).
A straightforward computation shows that Lq2(2ǫ1) has a basis {u0, u1, u2, w, u¯0, u¯1, u¯2, w¯}, on
which Uq(q2)a acts as follows:
ka.ui = q
2−iui, ka.u¯0 = q
2−iu¯i,
ka.w = qw, ka.w¯ = qw¯,
ka+1.ui = q
iui, ka+1.u¯i = q
iu¯i,
ka+1.w = qw, ka+1.w¯ = qw¯,
ea.u0 = 0, ea.u¯0 = 0,
ea.u1 = (q + q
−1)u0, ea.u¯1 = (q + q
−1)u¯0,
ea.u2 = qu1, ea.u¯2 = qu¯1,
ea.w = 0, ea.w¯ = 0,
fa.u0 = u1, fa.u¯0 = u¯1,
fa.u1 = q
−1(q + q−1)u2, fa.u¯1 = q
−1(q + q−1)u¯2,
fa.u2 = 0, fa.u¯2 = 0,
fa.w = 0, fa.w¯ = 0,
k¯a.u0 = u¯0, k¯a.u¯0 = (q
2 + q−2)u0,
k¯a.u1 =
1
q + q−1
u¯1 − q
2w¯, k¯a.u¯1 =
q2 + q−2
q + q−1
u1 − q
2w,
k¯a.u2 = 0, k¯a.u¯2 = 0,
k¯a.w = −
q2 + q−2
q + q−1
w¯ −
2q−2
(q + q−1)2
u¯1, k¯a.w¯ = −
1
q + q−1
w −
2q−2
(q + q−1)2
u1,
k¯a+1.u0 = 0, k¯a+1.u¯0 = 0,
k¯a+1.u1 =
1
q + q−1
u¯1 + w¯, k¯a+1.u¯1 =
q2 + q−2
q + q−1
u1 + w,
k¯a+1.u2 = u¯2, k¯a+1.u¯2 = (q
2 + q−2)u2,
k¯a+1.w = −
q2 + q−2
q + q−1
w¯ +
2
(q + q−1)2
u¯1, k¯a+1.w¯ = −
1
q + q−1
w +
2
(q + q−1)2
u1,
e¯a.u0 = 0, e¯a.u¯0 = 0,
e¯a.u1 = u¯0, e¯a.u¯1 = (q
2 + q−2)u0,
e¯a.u2 =
q
q + q−1
u¯1 − q
3w¯, e¯a.u¯2 = q
q2 + q−2
q + q−1
u1 − q
3w,
e¯a.w =
2
q + q−1
u¯0, e¯a.w¯ =
2
q + q−1
u0,
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f¯a.u0 =
1
q + q−1
u¯1 − q
2w¯, f¯a.u¯0 =
q2 + q−2
q + q−1
u1 + w,
f¯a.u1 = q
−1u¯2, f¯a.u¯1 = q
−1(q2 + q−2)u2,
f¯a.u2 = 0, f¯a.u¯2 = 0,
f¯a.w = −
2q−3
q + q−1
u¯2, f¯a.w¯ = −
2q−3
q + q−1
u2.
Then the zero weight space Lq2(2ǫ1)0 of L
q
2(2ǫ1) is spanned by {u1, u¯1, w, w¯}. Moreover, we have
Tau1 = −qu1, Tau¯1 = −qu¯1, Taw = q
−1w, Taw¯ = q
−1w,
which implies that relations (HC1) and (HC6) for HCq−1(m).
Proposition 5.3. Under the action Φ of Uq(qm), the zero weight space Aq(qn, qm)0 of Aq(qn, qm)
is isomorphic to V ⊗mq as an HCq(m)-supermodule, where the HCq(m)-supermodule structure on
V ⊗mq is given by (5.1) and (5.2).
Proof. The zero weight space of Aq(qn, qm) under the action Φ of Uq(qm) is
Aq(qn, qm)0 = {x ∈ Aq(qn, qm)| Φki(x) = qx for 1 6 i 6 m}.
Recall from Remark 4.1 that Aq(qn, qm) is spanned by
{ta1,b1 · · · tal,bl | ai ∈ In|n, 1 6 b1 6 · · · 6 bl 6 m and l > 0}.
Under the action Φ,
Φki(ta1,b1 · · · tal,bl) = Φki(ta1,b1) · · ·Φki(tal,bl) = q
ϕ(b1,i)+···+ϕ(bl,i)ta1,b1 · · · tal,bl .
Hence, a monomial ta1,b1 · · · tal,bl is of eigenvalue q with respect to Φki for all i = 1, . . . ,m if and
only if l = m and bi = i for i = 1, . . . ,m. Therefore, Aq(qn, qm)0 is spanned by {ta1,1 · · · tam,m| ai ∈
In|n}. Then a straightforward computation show that the C((q))-linear map
σ : V ⊗mq → Aq(qn, qm)0, va1 ⊗ va2 ⊗ · · · ⊗ vam → ta1,1ta2,2 · · · tam,m
is an isomorphism of Uq−1(qn)⊗HCq−1(m)-supermodules.
Proof of Theorem 5.1. By Theorem 4.2, there is a multiplicity-free decomposition of Uq−1(qn) ⊗
Uq(qm)-supermodules
Aq(qn, qm) ∼=
⊕
λ∈Λ+r ∩P
+
r
Lq
−1
n (λ) ⊗ L
q
m(λ),
where r = min(m,n). Considering the zero weight spaces under the action Φ of Uq(qm), we deduce
from Lemma 5.2 a decomposition of Uq−1(qn)⊗HCq−1 (m)-supermodules
Aq(qn, qm)0 ∼=
⊕
λ∈Λ+r ∩P
+
r
Lq
−1
n (λ) ⊗ L
q
m(λ)0.
Now, Proposition 5.3 ensures that Aq(qn, qm)0 is isomorphic to V
⊗m
q as a Uq−1(qn)⊗HCq−1(m)-
supermodule. On the right hand side of the above decomposition, Lqm(λ)0 vanishes unless λ is a
strict partition ofm, in which case Lqm(λ)0 is isomorphic toD
q−1
m (λ) as an HCq−1(m)-supermodule.
This can be proved by passing to the classical limits. The classical limit of the Uq(qm)-supermodule
Lqm(λ) is the U(qm)-supermodule Lm(λ), whose zero weight space has been shown to be the
irreducible module over the Sergeev superalgebra HC1(m) determined by λ. Now, we observe
that Lqm(λ)0 is an irreducible HCq−1(m)-supermodule since the HC1(m)-supermodule Lm(λ)0 is
irreducible. Hence, Lqm(λ)0 is isomorphic to D
q−1
m (λ
′) for some strict partition λ′ of m. The
partition λ′ of m should equal λ since Lqm(λ)0 has the same character with Lm(λ).
13
Therefore, we obtain a multiplicity-free decomposition of Uq−1(qn)⊗HCq−1(m)-supermodules
V ⊗mq =
⊕
λ∈SP(m)
ℓ(λ)6n
Lq
−1
n (λ)⊗D
q−1
m (λ).
Replace q−1 with q, we obtain the desired decomposition.
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